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NOTATION 
AB d i s t a n c e  from end of  runway t o  touchdown, m 
AC d i s t a n c e  from end of runway t o  start  of  t a k e o f f  r o l l ,  m 
LRW runway l e n g t h ,  m 
R n  d i r e c t i o n  c o s i n e  o f  n t h  segment i n  h o r i z o n t a l  p l ane  
R s l a n t  range from a i r c r a f t  t o  obse rve r ,  m 
sn l e n g t h  of n t h  segment i n  h o r i z o n t a l  p l ane ,  m 
U p o s i t i o n  v e c t o r  (u  v w) , m 
X p o s i t i o n  v e c t o r  (x  y )  , m 
X' p o s i t i o n  v e c t o r  (x '  y ' )  , m 
X" p o s i t i o n  v e c t o r  (XI '  y") , m 
T -K p o s i t i o n  v e c t o r  (x' y '  z ' )  , m 
T 
T 
T 
T 
X '  f i n a l  c o o r d i n a t e  of n t h  segment, m 
x '  i n i t i a l  c o o r d i n a t e  of n t h  segment, m 
y f l i g h t - p a t h  a n g l e  between v e l o c i t y  v e c t o r  and h o r i z o n t a l  p l a n e ,  deg 
n f  
n i  
a t r a n s l a t i o n  t r ans fo rma t ion  from xl',y!' t o  x ,y  c o o r d i n a t e  system 
8 change i n  heading  ang le  between segments ( p o s i t i v e  c lockwise  o r  t o  t h e  
r i g h t ) ,  deg 
11 r o t a t i o n  t r ans fo rma t ion  from xl ' ,yl '  t o  x ' , y '  c o o r d i n a t e  system 
J, heading  a n g l e ,  a n g l e  between t h e  x a x i s  i n  h o r i z o n t a l  p l ane  and p ro jec -  
t i o n  of V i n  h o r i z o n t a l  p l ane  ( p o s i t i v e  coun te rc lockwise ) ,  deg 
R t r ans fo rma t ion  from u,v,w t o  x ' , y ' , z '  c o o r d i n a t e  system 
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A CLOSED-FORM SOLUTION FOR NOISE CONTOURS 
Elwood C. S t ewar t  and Thomas M. Carson 
Ames Research Center 
SUMMARY 
I n  t h i s  r e p o r t  i s  d e s c r i b e d  a n  a n a l y t i c a l  approach f o r  g e n e r a t i n g  n o i s e  
con tour s  t h a t  overcomes t h e  d i f f i c u l t i e s  of e x i s t i n g  programs. Although many 
noise-contour  programs are a v a i l a b l e ,  t hey  r e q u i r e  l a r g e  computers and a sus-  
t a i n e d  major  e f f o r t  f o r  use ,  are complex and s low,  and are g e n e r a l l y  n o t  
d e s i r a b l e  f o r  i n t e r a c t i v e  use f o r  on- l ine  p i lo t ed - s imula to r  use .  The method 
developed h e r e  i s  v a l i d  f o r  a r b i t r a r i l y  complex p a t h s  and reveals t h e  impor- 
t ance  of  v a r i o u s  f a c t o r s  t h a t  i n f l u e n c e  contour  shape and s i z e .  The c a l c u l a -  
t i o n s  are s imple  enough t o  be  implemented on a s m a l l ,  hand-held programmable 
c a l c u l a t o r ,  and a program f o r  t h e  HP-67 c a l c u l a t o r  is  i l l u s t r a t e d .  The method 
i s  f a s t ,  s imple ,  and g i v e s  t h e  area, t h e  con tour ,  and i t s  e x t r e m i t i e s  f o r  
a r b i t r a r y  f l i g h t  p a t h s  f o r  bo th  t a k e o f f s  and l and ings .  
INTRODUCTION 
Noise impact on t h e  community i s  one of t h e  most s e r i o u s  problems of air- 
c r a f t  o p e r a t i o n s .  The importance of  t h i s  problem has  been h i g h l i g h t e d  by t h e  
inc reased  p u b l i c  concern w i t h  envi ronmenta l  i s s u e s .  To d e a l  w i t h  t h e  problem, 
NASA i s  engaged i n  r e s e a r c h  on t e c h n i c a l  approaches f o r  n o i s e  r e d u c t i o n  a p p l i -  
c a b l e  t o  new a i r c r a f t .  
A key t o o l  i n  t h e  s tudy  of  n o i s e  impact has  been noise-contour  c a l c u l a -  
t i o n  programs, a number of which have been developed over  t h e  l a s t  10 y e a r s  
( e . g . ,  r e f s .  1-3). These programs and t h e i r  many m o d i f i c a t i o n s  have been 
wide ly  used by t h e  Government and by i n d u s t r y .  The programs hand le  v e r y  gen- 
e r a l  s i t u a t i o n s  which can i n c l u d e  excess  ground a t t e n u a t i o n ,  s h i e l d i n g ,  mu l t i -  
p l e  f l i g h t s ,  and v a r i o u s  mixes of  a i r c r a f t .  However, t h e r e  are many d i f f i -  
c u l t i e s  i n  t h e  use  of t h e s e  programs. F i r s t  of a l l ,  t h e  programs are 
g e n e r a l l y  l a r g e  and n o t  w e l l  documented. Consequently,  t hey  r e q u i r e  e x t e n s i v e  
s tudy  t o  o p e r a t e .  Second, t h e  programs are d i f f i c u l t  t o  make o p e r a t i o n a l ,  
e s p e c i a l l y  i f  t hey  have been s t o r e d  f o r  a long  t i m e .  A s  a consequence of  
t h e s e  two d i f f i c u l t i e s ,  t h e  s u c c e s s f u l  use  of t h e s e  programs u s u a l l y  r e q u i r e s  
a l a r g e  and s u s t a i n e d  commitment. Th i rd ,  t h e  programs r e q u i r e  a l a r g e  com- 
p u t e r  and i t  i s  o f t e n  d i f f i c u l t  t o  o b t a i n  s u f f i c i e n t  t i m e  on a l a r g e  computer 
f o r  u s e  i n  a n  i n t e r a c t i v e  manner. F u r t h e r ,  t h e  programs are s low i n  o p e r a t i o n  
And f i n a l l y ,  t h e  programs are g e n e r a l l y  n o t  d e s i r a b l e  f o r  on- l ine  use  w i t h  
p i l o t e d  s i m u l a t o r s  because of t h e i r  s i z e  and s lowness .  For t h e s e  r easons ,  
ano the r  method t h a t  g e n e r a t e s  n o i s e  con tour s  much more r a p i d l y  and  s imply ,  
and one t h a t  u t i l i z e s  minimum computa t iona l  f a c i l i t i e s  i s  d e s i r a b l e .  
The p r e s e n t  r e p o r t  i s  concerned w i t h  a closed-form a n a l y t i c a l  approach 
f o r  c a l c u l a t i n g  n o i s e  con tour s  t h a t  overcomes t h e  d i f f i c u l t i e s  j u s t  d i scussed .  
I 
A s  is  common w i t h  most n o i s e  programs, an  i s o t r o p i c  n o i s e  sou rce  i s  assumed, 
a l though  i t  i s  b e l i e v e d  t h e  p r e s e n t  approach is  ex tendab le  t o  a n  a n i s o t r o p i c  
n o i s e  source .  The method i s  v a l i d  f o r  a r b i t r a r i l y  complex f l i g h t  p a t h s .  For 
s imple  p a t h s ,  t h e  c a l c u l a t i o n s  can be accomplished by hand; f o r  complex p a t h s ,  
t h e  c a l c u l a t i o n s  are b e s t  done on a s m a l l  hand-held c a l c u l a t o r  w i t h  program- 
ming c a p a b i l i t y ,  such  as t h e  HP-67. The a n a l y s i s  reveals t h e  fundamental  
n a t u r e  of  t h e  con tour s  and t h e  importance of  t h e  v a r i o u s  f a c t o r s  t h a t  i n f l u -  
ence i t s  shape and s i z e .  The method i s  f a s t ,  s imp le ,  and g i v e s  t h e  area, t h e  
a c t u a l  con tour ,  and i t s  extremities f o r  a r b i t r a r i l y  complex f l i g h t  p a t h s  f o r  
bo th  t a k e o f f s  and l and ings .  
THEORY 
General  Takeoff S o l u t i o n  
I n  t h i s  s e c t i o n  w e  w i l l  cons ide r  t h e  n o i s e  impact f o r  a n  a i r c r a f t  f l y i n g  
a t a k e o f f  t r a j e c t o r y .  A t y p i c a l  th ree-d imens iona l  t r a j e c t o r y  c o n s i s t i n g  of  
s t r a i g h t - l i n e  segments is  i l l u s t r a t e d  by t h e  p l a n  v i e w  i n  s k e t c h  ( a )  below. 
n + l  . 
nth //(g SEGMENT 
X 
A C  
Sketch ( a )  
Here, way-point 1 is t h e  s t a r t  of t h e  t a k e o f f  r o l l  l o c a t e d  a d i s t a n c e  AC 
from t h e  o r i g i n ,  way-point 2 i s  l i f t - o f f ,  and t h e  g e n e r a l  n t n  segment i s  
between t h e  n t h  and (n + 1) way p o i n t s , - a s  i n d i c a t e d .  Each segment i s  char-  
a c t e r i z e d  by: (1) a n  a n g l e  $ measured p o s i t i v e  counterc lockwise  from t h e  
x a x i s  t o  t h e  segment o r ,  a l t e r n a t i v e l y ,  by a n  a n g l e  8 measuring t h e  i n c r e -  
mental  change i n  heading between segments,  p o s i t i v e  t o  t h e  r i g h t  o r  c lockwise 
s o  as t o  correspond wi th  e x i s t i n g  nomenclature  i n  contour  programs ( s e e  p.  5 
of r e f .  4 ) ;  (2)  an  i n c l i n a t i o n  a n g l e  y measured p o s i t i v e  above t h e  horizon-  
t a l ;  ( 3 )  a segment l e n g t h  s;  and ( 4 )  a d i s t a n c e  R from t h e  a i r c r a f t  co r re -  
sponding t o  t h e  d e s i r e d  EPNdB n o i s e  contour  and s p e c i f i e d  t h r u s t  level .  
I n  t h e  fo l lowing  paragraphs  i n t e r e s t  w i l l  f ocus  on de termining  t h e  n o i s e  
con tour ,  t h e  con tour  area, and t h e  ex t r emi ty  of  t h e  contour ,  t h a t  is ,  where 
t h e  end of  t h e  contour  i s  l o c a t e d .  
Noise contour-  The n o i s e  contour  w i l l  be composed of  c o n t r i b u t i o n s  due t o  
each  of t h e  v a r i o u s  segments,  and t h e  v a r i o u s  p i e c e s  of  t h e  contour  must be  
determined and s u i t a b l y  p ieced  t o g e t h e r  s o  as t o  g e n e r a t e  t h e  complete con- 
t o u r .  For t h i s  purpose,  cons ide r  t h e  p a t h  of  t h e  a i r c r a f t  a long  t h e  n t h  
segment i n  s k e t c h  (b ) .  The a i r c r a f t ,  when r e p r e s e n t e d  by a n  i s o t r o p i c  n o i s e  
sou rce ,  w i l l  g e n e r a t e  a cons t an t  n o i s e - l e v e l  s u r f a c e  i n  t h e  shape of  a 
2 
c y l i n d e r  as i n d i c a t e d  by t h e  fo l lowing  s k e t c h  (b) .  
c o o r d i n a t e  system u,  v, w such  t h a t  t h e  u a x i s  i s  a l i g n e d  w i t h  t h e  n t h  
segment and t h e  o r i g i n  i s  l o c a t e d  a t  t h e  i n t e r s e c t i o n  of t h e  
h o r i z o n t a l  p l ane ,  and t h e  v a x i s  l i e s  i n  t h e  h o r i z o n t a l  p l ane  as shown i n  
s k e t c h  (b) .  Another o r thogona l  c o o r d i n a t e  system x ' ,  y ' ,  z '  w i t h  t h e  s a m e  
o r i g i n  i s  shown i n  which x' i s  t h e  p r o j e c t i o n  of t h e  u a x i s  on t h e  h o r i -  
z o n t a l  p l a n e ,  and t h e  y '  a x i s  i s  co inc iden t  w i th  t h e  v a x i s .  
Now d e f i n e  t h e  o r thogona l  
u a x i s  and t h e  
"'\ \ /2' 
Sketch (b) 
The equa t ion  f o r  a g e n e r a l  q u a d r i c  i s  
UT&U = R2. 
T where U = (u v w) . For a c y l i n d e r  a l i g n e d  w i t h  t h e  u a x i s ,  
I f  w e  d e f i n e  
U is  
%= (x '  y '  x ' ) ~ ,  t h e  t r a n s f o r m a t i o n  between two v e c t o r s  g and 
E= RU ( 3 )  
where R i s  an o r thogona l  m a t r i x  g iven  by 
cos y 0 - s i n  y .-[ 0 0 1  
s i n  y cos y 
Thus e q u a t i o n  (l), when t ransformed by equa t ion  ( 3 ) ,  g i v e s  
( 4 )  
3 
where 
ahT = 1 s i n 2  y 0 - s i n  y c o s  y 0 1 0 - s i n  y c o s  y 0 cos2  y 
Equat ion  (5) i s  a q u a d r i c  equa t ion  f o r  t h e  three-d imens iona l  n o i s e  contour  f o r  
a g iven  n o i s e  level  i n  terms of t h e  x', y ' ,  z '  c o o r d i n a t e  system. 
The i n t e r s e c t i o n  of t h i s  s u r f a c e  w i t h  t h e  h o r i z o n t a l  p l a n e  w i l l  g i v e  t h e  
n o i s e  con tour .  A p lane  is  r e p r e s e n t e d  by: 
( 7 )  
T m E = k  
where m = (ml m2 m3)T, and k i s  a c o n s t a n t .  For t h e  h o r i z o n t a l  ground- 
l e v e l  p l a n e ,  
mT = (0 o m3> 
k = O  
S ince  E i s  o r thogona l  t o  m, i t  i s  g iven  by 
E =  (x' y '  0 lT  ( 9 )  
The contour  can now be ob ta ined  by de termining  t h e  i n t e r s e c t i o n  of equa- 
t i o n s  (5) and ( 9 ) .  P a r t i t i o n  t h e  fo l lowing  m a t r i c e s  as shown, 
s i n 2  y o I - s i n  y cos y 
adoT = [  0 1 I 0 
O I  
_ _ _ _ _ _ - _ _ I  _ _ _ _ _ _ -  
cos2 y - s i n  y cos y 
X =  
and s u b s t i t u t e  t h e s e  two m a t r i c e s  i n  equa t ion  (5) t o  o b t a i n  
X V T A X '  = R 2  
where 
4 
Equat ion  (12) r e p r e s e n t s  a c o n i c  s e c t i o n .  Because t h e  d i a g o n a l  e lements  i n  
e q u a t i o n  (14)  are g r c a t e r  than z e r o ,  equa t ion  (12)  can be recognized  as an 
e l l i p s e .  Note t h a t  on ly  two pa rame te r s ,  y and R, are r e q u i r e d  t o  d e f i n e  t h e  
contour .  
It should  be  po in ted  o u t  t h a t  t h e  form of equa t ion  (12)  a p p l i e s  t o  each  
segment, a l t hough  t h e  two c o n s t a n t s  may d i f f e r  on each segment. F u r t h e r ,  i t  
i s  clear t h a t  each segment c o n t r i b u t e s  on ly  a p o r t i o n  of i t s  c o n i c  s e c t i o n  t o  
t h e  t o t a l  con tour .  Th i s  p o r t i o n  and t h e  way t h e  v a r i o u s  p o r t i o n s  are t o  be  
p i eced  t o g e t h e r  w i l l  be  d i scussed  i n  a few paragraphs .  
The v a l u e  of R can  be  determined from t h e  b a s i c  noise-source  d a t a  which 
are t y p i c a l l y  g iven  as a f u n c t i o n  of two v a r i a b l e s ,  t h e  s l a n t  range R and 
t h r u s t  l e v e l  T ,  as i l l u s t r a t e d  i n  s k e t c h  ( c ) .  The v a l u e  of  R is  determined 
EPNdB 
- 
SLANT RANGE, R 
Sketch (c )  
d i r e c t l y  from t h e s e  d a t a  f o r  any d e s i r e d  EPNdB contour  and f o r  any v a l u e  of 
t h r u s t  T. This  l a t t e r  v a l u e  could  be e s t ima ted ,  determined from f l i g h t  d a t a ,  
o r  determined from a c o n t r o l  g e n e r a t o r  as desc r ibed  i n  r e f e r e n c e  4 .  
An example of special  i n t e r e s t  i s  a f l i g h t  p a t h  c o n s i s t i n g  of on ly  one 
segment a t  a c o n s t a n t  f l i g h t - p a t h  a n g l e  as i n d i c a t e d  i n  s k e t c h  (b) .  The con- 
t o u r  i n  t h i s  c a s e  i s  given by equa t ion  ( 1 2 )  as 
For a g iven  R and y ,  t h i s  equa t ion  can be p l o t t e d  d i r e c t l y  as f u n c t i o n  of 
x ' .  The maximum dimensions of t h e  contour  are  obvious ly  
I ' = +R 'max 
Now w e  w i l l  cons ide r  how t o  o b t a i n  t h e  t o t a l  contour  by p r o p e r l y  combin- 
i n g  t h e  c o n t r i b u t i o n s  of t h e  v a r i o u s  segments. The s i t u a t i o n  i s  i l l u s t r a t e d  
i n  s k e t c h  (d) which i s  an e l a b o r a t i o n  of  s k e t c h  ( a ) .  Recall t h a t  t h e  contour  
5 
I 
Y Y" I / y' 
I 
Axn 
nth SEGMENT 
sn x nf \ 
\ 
1 X ' x'  1 2  
A C  \ 
$ , = O  $ 1 2 = o  
71 = o  72 
5 1  52 
Sketch (d) 
in the x', y' coordinate system is given by equation (12). This equation 
must be transformed to the x, y coordinate system, in common with each of 
the other segments. 
A s  for rotation, the transformation is 
This is done by rotation and translation transformations. 
X' = AnX" (17) 
where the vector X" is defined by the coordinate system shown in sketch (d), 
A, is an orthogonal matrix given by 
1 cos Qn sin +n -sin +n cos +, An = [ 
and +, is defined by 
n 
in accordance with discussion following sketch (a). Thus, combining equa- 
tions (12) and (17) we obtain 
T T  X" A, AnAnX" = Q2 
As for translation, the transformation is 
X = X" + A, 
6 
where 
Combining equations (20) and (21) we obtain 
This is the equation of the contour generated by an aircraft flying along the 
extended nth segment in terms of the basic x, y coordinate system. Note 
that this equation applies to each segment but that the parameters for each 
segment may be different. A l s o  note that in addition to the parameters y and 
R, previously discussed with equation (12), there are now two more quantities, 
A and A ,  involved. 
Now we will determine some of the quantities that are needed in equa- 
tion (23). 
and (18) that 
First, is the matrix AnTAnAn; it can be shown from equations (14) 
where I an = 1 - cos2 G~ cos2 yn bn = -sin Gn cos Gn cos2 yn dn = 1 - sin2 qn cos2 y, 
Second, is the vector An which is determined as follows: Let n be the 
segment between the nth and (n + 1) way points, let sn be the segment 
length in the horizontal plane, and let R, be its direction cosine matrix: 
(26) 
where $n is measured positive counterclockwise from the x" axis to the 
segment as discussed previously following figure 1. NOW, from sketch (d) it 
can be shown that for the nth segment 
7 
n- 1 n- 1 r. "1 
n L  Ln 
'k tan 'k + I I R s  - 'n k k t a n  y, 
The o n l y  o t h e r  v a r i a b l e  i n  equa t ion  (23) i s  
d i scussed .  
R which h a s  been p r e v i o u s l y  
Equat ion (23)  can b e  p u t  i n  a form more s u i t a b l e  f o r  computation. S ince  
x - A 5  
- An = [y - Ay] 
equa t ion  (23) can be  shown t o  reduce t o  
Th i s  i s  t h e  equa t ion  f o r  t h e  contour  i n  a u s e f u l  computa t iona l  form. 
given cho ice  of  x ,  t h e  cor responding  v a l u e  of  y i s  r e a d i l y  ob ta ined  as t h e  
s o l u t i o n  of a q u a d r a t i c  equa t ion  i n  
given cho ice  of 
segment c l o s e s t  t o  x. The a p p r o p r i a t e  segment can be  determined by examining 
t h e  geometry of  t h e  s i t u a t i o n .  
fo l lows .  Determine t h e  beginning  Xni and t h e  end xnf of t h e  n t h  segment 
For  a n y -  
y - Ayn. It should  be noted  t h a t  f o r  a 
x ,  t h e  parameters  i n  equa t ion  (29) should correspond t o  t h e  
O r ,  i t  can b e  implemented more p r e c i s e l y  as 
by 
n- 1 
k 
%i = AC + sk cos  $ 
k= 1 
n 
k= 1 
%f = AC + sk COS $ k 
Then t h e  n t h  segment t o  use  must b e  t h e  one such t h a t  
Obviously t h e  x v a l u e s  need n o t  exceed Xmax, t h e  v a l u e  o f  which w i l l  be  
d i scussed  i n  a la ter  s e c t i o n .  
Contour area- The contour  area w i l l  be  composed of c o n t r i b u t i o n s  due t o  
each of t h e  v a r i o u s  segments of  t h e  f l i g h t  pa th .  
on t h e  ground ( ske tch  ( d ) )  has  a n  area g iven  by 
The f i r s t  segment,  which i s  
A1 = 2R1s1 + - 
2 ( 3 3 )  
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The remaining segments are a l l  above t h e  ground, and it  w i l l  be  necessa ry  
t o  c o n s i d e r  t h e  area c o n t r i b u t e d  by any i n d i v i d u a l  n t h  segment. An approxi-  
mat ion i s  made h e r e  t h a t  t h e  t o t a l  contour  of  an  a r b i t r a r y  p a t h  i s  t h e  same as 
i f  t h e  t r a j e c t o r y  i s  " s t r a i g h t e n e d  out"  so  t h a t  i t  l i es  i n  one ver t ica l  p l ane .  
A s  i l l u s t r a t e d  i n  s k e t c h  ( e ) ,  t h i s  procedure  of s t r a i g h t e n i n g  o u t  t h e  
Sketch ( e )  
t r a j e c t o r y  amounts t o  assuming t h e  two cross-hatched areas are e q u a l .  It is  
clear t h a t  t h i s  approximation becomes worse as t h e  d i f f e r e n c e s  between con- 
s e c u t i v e  @ become l a r g e .  Even then ,  however, t h e  e r r o r  i s  g e n e r a l l y  only  
a s m a l l  p o r t i o n  of t h e  t o t a l  contour  area so  t h a t  t h e  approximation i s  
g e n e r a l l y  v e r y  good. 
Consider  now t h e  area c o n t r i b u t e d  by t h e  n t h  segment i l l u s t r a t e d  i n  
s k e t c h  (d ) .  The a r e a  between any two p o i n t s  denoted by lower l i m i t  LL and 
upper  l i m i t  UL i s  given by 
%(LL,UL) = 2 y '  dx' 
- 
x ' s i n  
Rn 
x '  J R F ( , r  ) 2 s i n 2  Yn + s i n  yn s in-1  ( 3 4 )  
Rn2 
- 
where equa t ion  ( 1 5 )  has  been u t i l i z e d .  This  equa t ion  a p p l i e s  t o  each segment 
t h a t  i s  i n  t h e  a i r ,  and t h e  q u a n t i t i e s  Rn and yn a r e  known f o r  each of t h e s e  
segments. The l i m i t s ,  however, need some c a r e f u l  c o n s i d e r a t i o n .  
For  t h e  s p e c i a l  case of on ly  two segments,  t h e  a r e a  due t o  t h e  second 
segment ( i . e . ,  t h e  s t r a i g h t - l i n e  segment a t  a nonzero f l i g h t - p a t h  a n g l e )  i s  
ob ta ined  by p u t t i n g  LL = 0 and UL = GaX as given by equa t ion  ( 1 6 ) .  The 
r e s u l t  i s  
Th i s  is  t h e  t o t a l  contour  area due t o  t h e  second segment. 
Consider  now t h e  de t e rmina t ion  of t h e  l i m i t s  LL and UL i n  equa t ion  ( 3 4 )  
f o r  t h e  area due t o  t h e  g e n e r a l  n t h  segment. L e t  Ln be t h e  l e n g t h  of  t h e  
contour  under t h e  assumption t h a t  t h e  a i r c r a f t  con t inues  t o  f l y  t h e  ex tens ion  
of  t h e  n t h  segment. From equa t ion  ( 1 6 ) ,  L, i s  
9 
Rn 
= s i n  y n 
R e c a l l i n g  t h a t  t h e  o r i g i n  of  t h e  x ' ,  y '  
determined by t h e  i n t e r s e c t i o n  of t h e  e x t e n s i o n  of  t h e  
h o r i z o n t a l  p l a n e ,  we  can deduce t h a t  t h e  beginning  and end of  t h e  
ment are g iven ,  r e s p e c t i v e l y ,  by 
c o o r d i n a t e  system i n  s k e t c h  (d) w a s  
segment and t h e  
n t h  seg- 
n t h  
n- I 
XAf = qi + sn 
Then i t  i s  c l e a r  t h a t  
LL = <i 
(39)  J i f  Ln > <f (contour  n o t  ended) i f  Ln < xAf contour  ended and is  t h e  l a s t  segment 
I n  t h e  f i r s t  case, t h e  end of t h e  contour  h a s  n o t  been reached by t h e  end of 
t h e  n t h  segment, w h i l e  i n  t h e  second c a s e  i t  has .  Then t h e  area c o n t r i b u t e d  
by t h e  n t h  segment i s  
,,uL I 
X '  n i  
where F is  t h e  q u a n t i t y  i n  t h e  b r a c k e t s .  Th i s  e x p r e s s i o n  i s  v a l i d  f o r  a l l  
segments i n c l u d i n g  t h e  l a s t  one. However, on t h e  las t  segment, c e r t a i n  round- 
o f f  e r r o r s  may occur  t h a t  cause compl i ca t ions  i n  u s i n g  equa t ion  ( 4 0 ) .  Thus, 
i t  i s  u s u a l l y  b e t t e r  t o  use  an a l t e r n a t i v e  expres s ion  t h a t  avo ids  t h i s  problem 
f o r  t h e  area due t o  t h e  l a s t  segment: 
AN = 2 s i n  yn 
0 
Another way t o  avoid  problems due t o  round-off e r r o r s  i s  t o  s l i g h t l y  reduce 
t h e  upper l i m i t  i n  e q u a t i o n  ( 4 0 )  on t h e  l a s t  segment. 
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The t o t a l  area of t h e  contour  due t o  t h e  t o t a l  of N segments i s  now 
given by: 
Contour e x t r e m i t y -  The end of  t h e  contour  i s  of s p e c i a l  i n t e r e s t ,  and i t  
:an be r e a d i l y  determined from t h e  equa t ions  a l r e a d y  given.  From t h e  l a s t  
sec t ion ,  on t h e  l a s t  segment, 
' = o  
Ymax 
Chen us ing  t h e  t r a n s f o r m a t i o n s  i n  e q u a t i o n s  ( 1 7 )  and ( 2 1 )  
%ax = %ax + An 
'hus 
( 4 3 )  
( 4 4 )  
General  Landing S o l u t i o n  
Landing problems can b e  so lved  by t r ans fo rming  them t o  e q u i v a l e n t  t a k e o f f  
roblems. The l and ing  s i t u a t i o n  i s  shown i n  t h e  v e r t i c a l  p l ane  i n  s k e t c h  ( f ) ,  
VERTICAL PLANE \k---ii END OF ROLL 
A C  B 
I - - -  %-Y 
Sketch ( f )  
h e r e  B i s  t h e  touchdown p o i n t  and s i s  t h e  l e n g t h  of t h e  ground-ro l l  
egment, a t  t h e  end of  which t h e  aircrakt h a s  s topped .  
o l lowing  se t  of t r ans fo rma t ions  i l l u s t r a t e d  below by t h e  p l a n  v i e w s  ( ske tches  
Now, make t h e  
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HORIZONTAL PLANES 
Sketch  (8) Sketch (h)  Sketch ( i )  
( g ) - ( i ) ) .  Sketch (g)  i l l u s t r a t e s  a l a n d i n g  s i t u a t i o n  i n  t h e  g iven  coord ina te  
system. I n  s k e t c h  ( h ) ,  t h e  d i r e c t i o n  o f  t h e  f l i g h t  has  been r eve r sed  and t h e  
o r i g i n  and d i r e c t i o n  of t h e  x a x i s  h a s  been changed. The v a r i a b l e s  are 
denoted by xL and y ~ .  A l so ,  t h e  l a b e l i n g  of  t h e  p o i n t s  A ' ,  C ' ,  and D '  
cor responds  t o  t h i s  new t akeof f  problem. From t h i s  s k e t c h  i t  can b e  seen  t h a t  
A ' C '  = LRw - AB - SI ( 4 6 )  
and A ' C '  i s  t h e  v a r i a b l e  now used i n  t h e  e q u i v a l e n t  t a k e o f f  problem. Also ,  
XL = LRW - x (47  1 
F i n a l l y ,  i n  s k e t c h  ( i ) ,  t h e  e n t i r e  diagram h a s  been r o t a t e d  c lockwise  by T 
and t h e  d i r e c t i o n  of  t h e  yL a x i s  r eve r sed .  T h i s  h a s  maintained t h e  rela- 
t i o n s h i p  between t h e  f l i g h t  p a t h  and t h e  c o o r d i n a t e  axes .  Then w e  have 
YL = -Y (48  1 
Now t h e  problem can be so lved  i n  t h e  form shown i n  s k e t c h  ( i )  as a take-  
o f f  problem. W e  need t o  use  t h e  v a l u e  A ' C '  i n  t h i s  equ iva len t  t a k e o f f  prob- 
l e m ,  and t o  o r d e r  t h e  segments i n  s k e t c h  (h)  o r  ( i )  as a t akeof f  problem 
s t a r t i n g  from C ' .  Also n o t e  t h a t  8 is  measured p o s i t i v e  clockwise s o  
t h a t  i t  can be determined d i r e c t l y  from s k e t c h  (h)  i f  d e s i r e d .  The t akeof f  
e q u a t i o n s  p r e v i o u s l y  developed apply  d i r e c t l y  u s i n g  
b l e s  i n s t e a d  of  x and y. F i n a l l y ,  t h e  con tour  i n  terms of xL and yL i s  
conver ted  t o  t h e  v a r i a b l e s  x and y i n  t h e  o r i g i n a l  coord ina te  system by 
e q u a t i o n s  ( 4 7 )  and ( 4 8 ) .  The ex t r emi ty  of t h e  contour  X L ~ ~ ~  is t ransformed 
by t h e s e  s a m e  equa t ions .  
xL and yL as t h e  varia- 
SUMMARY OF EQUATIONS 
I n  t h i s  s e c t i o n  w e  merely c o l l e c t  t h e  p rev ious  e q u a t i o n s  and procedures  
f o r  de te rmining  contour  areas, e x t r e m i t i e s  of t h e  con tour ,  and t h e  contour  
i t s e l f  f o r  bo th  l and ings  and t a k e o f f s .  
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0 Takeoffs 
Area 
Segment 1 
Segment n for n 2 2 
n- 1 
k 'k tan Y k= 1 
XAi = ~- 
tan Yn 
XAf = XAi + sn 
TR12 
A1 = - + 2R1s1 2 
xAf if Ln > xAf =$ contour not ended 
Ln if Ln < xAf contour ended, and n 
UL =( 
is the last segment 
- 
x'sin yn 
- R, 
s in- 1 
Rn2 
yn + sin yn 
UL 
xA i 
= [F]:: ni 
where F is defined as the quantity -.I the brackets. For the last seg- 
ment, one can use 
Extremity of contour 
For last segment, Ln < xAf 
Set 
Then 
n 0 % = 2 sin y 
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where 
n- 1 
R s  - 3 sk t a n  yk + r:] k k t a n  Y, 
k= 1 
= ['OS s i n  $n nl 
1 cos +n s i n  +n - s i n  $n COS $,J *n = [. 
e Contour e q u a t i o n s  (n 2 2 )  
Choose x I %ax 
Compute xt l  = x - Axn 
where 
= 1 - cos2 lJn cos2  y, an 
2 b, = -s in  $n cos $n cos y, 
d, = 1 - s i n 2  $n cos2  yn 
Then 
y = y" + Ayn 
(For 
The cho ice  of x and t h e  parameters f o r  t h e  n t h  segment must s a t i s f y  
n = 1 and x l i  < x < x l f ,  y = +R 1 ) 
Xni < x < Xnf 
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where 
n- 1 
%i = AC + C sk COS Qk 
k= 1 
n 
k= 1 
xnf = AC + sk cos $k 
0 Landings 
Contour 
Let xL and y replace x and y in the takeoff equations 
Let 
L 
A'C' = LRw - AB - si 
Choose x 
Compute XL = LRW - x 
Compute yL from takeoff equations 
Compute y = -yL 
Extremity of contour 
CALCULATOR IMPLEMENTATION 
The equations for the relevant characteristics of the noise contours can 
be implemented on a small hand-held programmable calculator. In this way the 
necessity to access a large central computer system is avoided. In this sec- 
tion we describe the implementation of the contour calculations for one of the 
common programmable calculators, the Hewlett-Packard HP-67. 
Because of the limitation of programming memory in the HP-67, the pro- 
gram was accomplished in two parts: the contour-area and the contour- 
plotting programs. 
The area program calculates and sums the area of the noise contour due to 
each segment and also calculates some quantities necessary for determining the 
noise contour. The contour-plotting program determines the y values of the 
contour associated with an input value x. Instructions for using each of 
these programs are given in figures 1 and 2 for takeoffs and landings. Some 
discussion of the'combined use of the two programs is required because there 
15 
are two p o s s i b l e  o p t i o n s .  The f i r s t  o p t i o n ,  i l l u s t r a t e d  i n  f i g u r e  3 ( a ) ,  i s  
used when t h e  number of segments i n  t h e  f l i g h t  p a t h  i s  f o u r  o r  less. The area 
program must be run  f i r s t  because i t  c a l c u l a t e s  q u a n t i t i e s  t h a t  are r e q u i r e d  
by t h e  con tour -p lo t t i ng  program. Next, t h e  con tour -p lo t t i ng  program i s  loaded  
and t h e  con tour  i s  p l o t t e d .  The second o p t i o n ,  i l l u s t r a t e d  i n  f i g u r e  3 ( b ) ,  i s  
t h e  more g e n e r a l  case. It must b e  used when t h e  f l i g h t  p a t h  c o n s i s t s  of more 
than  f o u r  segments;  i t  can a l s o  b e  used when t h e  u s e r  wants  t o  postpone p l o t -  
t i n g  t h e  con tour  t o  a l a t e r  t i m e  r e g a r d l e s s  of t h e  number of segments.  With 
t h i s  o p t i o n ,  a f t e r  t h e  area program c a l c u l a t i o n s  have been completed f o r  t h e  
f i r s t  f o u r  segments,  t h e  area and t h e  i n t e r m e d i a t e  q u a n t i t i e s  are w r i t t e n  on a 
magnet ic  card .  The u s e r  t hen  goes back t o  r e p e a t  t h e  procedure  wi th  more seg- 
ments u n t i l  t h e  complete f l i g h t  p a t h  i s  f i n i s h e d .  La ter ,  when i t  i s  d e s i r e d  
t o  p l o t  t h e  con tour ,  t h e  con tour -p lo t t i ng  program and t h e  i n t e r m e d i a t e  quan t i -  
t i e s  p r e v i o u s l y  computed are loaded  i n  t h e  c a l c u l a t o r  and t h e  contour  i s  
p l o t t e d .  
For t h o s e  i n t e r e s t e d  i n  t h e  d e t a i l s  o f  t h e  program, a f low c h a r t  and a 
l i s t i n g  of t h e  area program are  g iven  i n  f i g u r e s  4 and 5, r e s p e c t i v e l y ;  f i g -  
u r e s  6 and 7 p rov ide  t h e  same in fo rma t ion  f o r  t h e  p l o t t i n g  program. 
EXAMPLE CONTOURS 
I n  t h i s  s e c t i o n  several example a p p l i c a t i o n s  of  t h e  preceding  noise-  
contour  method a r e  g iven  and compared w i t h  t h e  e x a c t  r e s u l t s  ob ta ined  from a 
l a r g e  contour  program ( r e f s .  1-3) u s ing  a n  IBM-360 computer. 
A l l  of  t h e  examples t o  be  d i scussed  are based on t h e  s a m e  a i r c r a f t  f o r  
r easons  of  s i m p l i c i t y .  We w i l l  use  a t y p i c a l  c u r r e n t  conven t iona l  j e t  t r a n s -  
p o r t  a i r c r a f t  t h a t  w a s  used i n  t h e  s tudy  of r e f e r e n c e  4 .  The n o i s e  c h a r a c t e r -  
i s t i c s  f o r  t h i s  a i r c r a f t  are reproduced i n  f i g u r e  8; l i n e a r  i n t e r p o l a t i o n  i s  
used f o r  i n t e r m e d i a t e  t h r u s t  va lues .  S i x  examples have been chosen s o  as t o  
e x e r c i s e  many of t h e  p o s s i b i l i t i e s  t h a t  can arise.  The f i r s t  t h r e e  examples 
are t a k e o f f s ;  t hey  and t h e  d e f i n i n g  d a t a  are i l l u s t r a t e d  i n  f i g u r e  9 .  The 
l a s t  t h r e e  examples are l and ings  as i l l u s t r a t e d  i n  f i g u r e  1 0 .  The v a r i a b l e s  
s ,  y ,  and 0 w e r e  chosen f o r  d e s i r e d  geometry wh i l e  R w a s  determined from 
t h e  n o i s e  curve  i n  f i g u r e  8 f o r  t h e  g iven  t h r u s t  level .  
The con tour s  f o r  t h e  examples are shown i n  f i g u r e s  11 through 15. Ground 
a t t e n u a t i o n  and s h i e l d i n g  have been omi t ted  from t h e s e  examples. Data from 
two sources  are  shown. The f i r s t  sou rce  of d a t a  w a s  ob ta ined  from t h e  IBM-360 
program and i s  i l l u s t r a t e d  by t h e  con tour s .  The program i s  about  100,000 b y t e s  
(8 b i t  words) i n  s i z e ,  and a s u b s t a n t i a l  amount of t i m e  and e f f o r t  w a s  r equ i r ed  
t o  o b t a i n  t h e s e  r e s u l t s .  The second source  of d a t a  w a s  ob ta ined  from t h e  
closed-form s o l u t i o n  us ing  t h e  HP-67 c a l c u l a t o r  and i s  i l l u s t r a t e d  by t h e  c i r -  
c les .  Comparison of t h e s e  two sets of d a t a  shows t h e r e  i s  e x c e l l e n t  agreement.  
The contour  areas f o r  t h e  s i x  examples are g iven  i n  t h e  fo l lowing  t a b l e  
i n  which t h e  r e s u l t s  from t h e  l a r g e  n o i s e  contour  program (IBM-360) and t h e  
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... . . 
Examp 1 e 
. . ~ . .  
I 
I1 
I11 
IV 
V 
V I  
- .  . .  . 
Contour area, km2 (mi2) 
s o l u t i o n  r o  r a m  
C l o s e d e l  IBM- 3 6 0 
154.93 
154.93 
100.49 
17.59 
24.22 
154.93 
(59.82) 
(59.82) 
(38.80) 
(6.79) 
(9.35) 
(59.82) 
~- 
154.9 
155.4 
99.5 
17.4 
24.1 
155.4 
(59.8) 
(60.0) 
(38.4) 
(6.7) 
(9.3) 
(60.0) 
closed-form s o l u t i o n  of t h i s  r e p o r t  are  compared. The accuracy  of t h e  
closed-form s o l u t i o n  i s  seen  t o  be w i t h i n  1% of t h e  IBM-360 program r e s u l t s .  
APPLICATION TO J E T  STOL FLIGHT PATH 
I n  t h i s  s e c t i o n  t h e  u t i l i t y  of  t h e  method f o r  examining t h e  e f f e c t  of t h e  
fundamental  v a r i a b l e s  on t h e  s i z e  of  t h e  n o i s e  contour  i s  i l l u s t r a t e d .  For  
t h i s  purpose,  t h e  problem of t h e  e f f e c t  of f l i g h t - p a t h  ang le  y on t h e  s i z e  
of  t h e  n o i s e  contour  i s  s t u d i e d .  It can be  seen  t h a t  as t h e  f l i g h t - p a t h  ang le  
y i n c r e a s e s ,  t h e  contour  t e n d s  t o  become smaller from geomet r i ca l  cons idera-  
t i o n s .  On t h e  o t h e r  hand, t h e  inc reased  t h r u s t  r e q u i r e d  t o  ma in ta in  t h e  
l a r g e r  f l i g h t - p a t h  a n g l e  r e s u l t s  i n  g r e a t e r  sou rce  n o i s e  and hence t e n d s  t o  
e n l a r g e  t h e  contour .  These two opposing t r e n d s  are  examined. 
The problem t o  be cons ide red  i s  shown i n  s k e t c h  ( j ) ,  where t h e  s imple  
s t r a i g h t - l i n e  p a t h  l i es  i n  t h e  ver t ical  p l ane  and t h e  a n g l e  y i s  v a r i a b l e .  
Sketch ( j )  
W e  t a k e  an  example l i f t - f a n  a i r c r a f t ,  t h e  c h a r a c t e r i s t i c s  of which w e r e  sum- 
marized i n  r e f e r e n c e  4 .  There are two s t a t e  v a r i a b l e s  t o  t h i s  problem, y and 
V, bo th  of which are s p e c i f i e d .  The c o n t r o l  v a r i a b l e s  are t h r u s t ,  t h r u s t  
a n g l e ,  and a n g l e  of  a t t a c k ,  and they  are  t o  be determined so  as t o  ach ieve  t h e  
s p e c i f i e d  f l i g h t  p a t h ,  s u b j e c t  t o  c o n s t r a i n t s  on each  c o n t r o l .  This  problem 
w a s  cons ide red  i n  r e f e r e n c e  4 where i t  w a s  shown t h a t  t h e  c o n t r o l s  comprise a 
redundant  s e t  and t h a t  t h e  redundancy can be removed by a n  added c o n d i t i o n  
t h a t  t h e  n o i s e  be  minimized. It w a s  a l s o  shown t h a t  t h e  angle-of -a t tack  con- 
s t r a i n t  r e q u i r e d  f o r  s a f e t y  due t o  g u s t s  w a s  t h e  most c r i t i c a l ,  so  t h a t  a 
c o n s t r a i n t  a 5 10" w a s  imposed. The s o l u t i o n  g iven  i n  r e f e r e n c e  4 ,  t h e n ,  
u t i l i z e d  t h e  Kuhn-Tucker t h e o r y  t o  de te rmine  t h e  op t ima l  set of c o n t r o l s  sub- 
j ec t  t o  t h e  angle-of -a t tack  c o n s t r a i n t .  Th i s  s a m e  method w a s  used f o r  t h e  
p r e s e n t  problem. Because of t h e  va ry ing  f l i g h t - p a t h  a n g l e ,  however, i t  w a s  
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necessa ry  t o  impose an a d d i t i o n a l  p i t ch -ang le  c o n s t r a i n t ,  €I 5 Z O O ,  f o r  passen- 
ge r  comfort .  
i s  most impor tan t  because i t  de termines  t h e  sou rce  n o i s e  and hence t h e  s l a n t -  
range parameter R f o r  t h e  s e l e c t e d  n o i s e  l e v e l .  
Although t h e  s o l u t i o n  i s  ob ta ined  f o r  a l l  t h e  c o n t r o l s ,  t h r u s t  
The r e s u l t s  of t h e  c a l c u l a t i o n s  f o r  a 90 EPNdB contour  are shown i n  
f i g u r e  16.  Here t h e  boundary on t h e  c o n t r o l  ci i s  shown by slim such t h a t  
bo th  c o n s t r a i n t s  slim I 10" and 81im 5 20" are s a t i s f i e d .  The contour  
area is assumed t o  be  due t o  t h e  second segment ( s e e  s k e t c h  ( j ) ) ,  because t h e  
n o i s e  from t h e  f i r s t  segment i s  l a r g e l y  conf ined  t o  t h e  a i r p o r t  boundar ies .  
Thus, t h e  noise-contour  area is  
The v a l u e  of 
EPNdB contour  (90 EPNdB i n  t h i s  example) and t h e  t h r u s t  l e v e l .  The t h r u s t  
l e v e l  T ,  as w e l l  as t h e  t h r u s t  a n g l e  rl, have been determined as a f u n c t i o n  
of t h e  f l i g h t - p a t h  a n g l e  y u s ing  t h e  method of r e f e r e n c e  4 ;  t h e  r e s u l t s  a r e  
shown i n  f i g u r e  16.  Also shown h e r e  i s  t h e  v a r i a t i o n  of t h e  parameter R as 
determined from t h e  n o i s e  d a t a  i n  f i g u r e  8. F i n a l l y ,  t h e  contour  area A of 
equa t ion  (51) i s  shown as a f u n c t i o n  of y i n  f i g u r e  16.  
R ( s u b s c r i p t s  omi t ted  f o r  s i m p l i c i t y )  depends on t h e  s e l e c t e d  
S e v e r a l  i n t e r e s t i n g  o b s e r v a t i o n s  r ega rd ing  t h e s e  r e s u l t s  can be made. It  
can be noted  t h a t  T does n o t  change g r e a t l y  because t h e  f o r c e s  are ba lanced  
by a combination of s m a l l  changes i n  T and rl over t h e  domain of y .  A s  a 
consequence, t h e  v a r i a t i o n  of R i s  r e l a t i v e l y  s m a l l .  Thus, t h e  contour  area 
varies roughly  i n v e r s e l y  w i t h  s i n  y ,  b u t  i n c r e a s e s  s l i g h t l y  from t h i s  rela- 
t i o n s h i p  a t  t h e  l a r g e  v a l u e s  of y .  For comparison, t h e  i n v e r s e  v a r i a t i o n  
w i t h  s i n  y i s  shown by t h e  d o t t e d  cu rve  i n  f i g u r e  15. 
From t h e s e  q u a n t i t a t i v e  r e s u l t s ,  i t  i s  seen  t h a t  t h e  j e t  STOL a i r c r a f t ,  
i n  u t i l i z i n g  i t s  i n h e r e n t  s t e e p e r  f l i g h t - p a t h  c a p a b i l i t y ,  produces a reduced 
noise-contour  area w i t h  i n c r e a s i n g  f l i g h t - p a t h  ang le  y because of two con- 
f l i c t i n g  t r e n d s .  On t h e  one hand, t h e  geomet r i ca l  e f fec t  of a s t e e p e r  p a t h  
r e s u l t s  i n  a reduced noise-contour  area,  and i t  i s  t h e  dominant e f f e c t .  O n  
t h e  o t h e r  hand, t h e  i n c r e a s e d  t h r u s t  r e q u i r e d  f o r  t h e  s t e e p e r  p a t h s  causes  a 
r a t h e r  minor i n c r e a s e  i n  t h e  contour area because of t h e  r o t a t i o n a l  degree  of 
freedom of  t h e  t h r u s t .  
The s i t u a t i o n  would b e  somewhat d i f f e r e n t  f o r  a conven t iona l  j e t  t r a n s -  
p o r t  a i r p l a n e  where t h e r e  is  no r o t a t i o n  of t h e  t h r u s t .  I n  t h i s  case, t h e  
t h r u s t  must be i n c r e a s e d  l i n e a r l y  w i t h  y t o  ach ieve  t h a t  f l i g h t  p a t h ,  and 
t h a t  r e s u l t s  i n  a n e a r l y  l i n e a r  i n c r e a s e  i n  R w i t h  y .  Since R e n t e r s  t h e  
contour  area as t h e  second power, i t  can be surmised t h a t  t h e  contour  area 
should  i n c r e a s e  roughly  l i n e a r l y  w i t h  y ,  b u t  w i t h  p o s s i b l y  some s l i g h t  curva- 
t u r e .  Th i s  t r e n d  has  been v e r i f i e d  by s p e c i f i c  c a l c u l a t i o n s  f o r  an example 
conven t iona l  j e t  t r a n s p o r t  a i r p l a n e  us ing  t h e  method of r e f e r e n c e  4 .  
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CONCLUDING REMARKS 
The s i m p l i c i t y  of t h e  n o i s e  a n a l y s i s  p r e s e n t e d  h e r e  enab le s  one t o  o b t a i n  
t h e  n o i s e  contour ,  i t s  area, and i t s  e x t r e m i t i e s  f o r  a r b i t r a r i l y  complex f l i g h t  
p a t h s  f o r  bo th  t a k e o f f s  and l and ings .  The method i s  s imple  and f a s t ,  and 
r e s u l t s  can be  ob ta ined  e i t h e r  by manual c a l c u l a t i o n  o r  by means of a s m a l l  
programmable c a l c u l a t o r .  The use  of  l a r g e  programs o p e r a t i n g  on l a r g e  com- 
p u t e r s  i s  avoided.  The a n a l y s i s  reveals t h e  fundamental  n a t u r e  of t h e  con- 
t o u r s  and t h e  v a r i o u s  f a c t o r s  t h a t  i n f l u e n c e  i t s  s i z e  and shape.  
Ground a t t e n u a t i o n  and s h i e l d i n g  e f f e c t s  have been omi t t ed  from t h e  ana l -  
y s i s  because t h e i r  e f f e c t s  are impor tan t  on ly  on t h e  i n i t i a l  p o r t i o n  of f l i g h t  
and are g e n e r a l l y  conf ined  t o  t h e  a i rpo r t :  boundary. Ana lys i s  shows t h a t  t h e s e  
e f f e c t s  can be  inc luded  i f  d e s i r e d .  
It might be  noted  t h a t  t h e  s ing le-event  contour  d i s c u s s e d  h e r e i n  i s  t h e  
obvious cho ice  f o r  purposes  of  minimizing n o i s e  impact.  The impact of mul t i -  
p l e  f l i g h t s  can be  handled by an  obvious ex tens ion  of t h e  s ing le -even t  
r e s u l t s .  For  example, a common mult iple-exposure measure,  n o i s e  exposure 
f a c t o r  (NEF), i s  r e l a t e d  d i r e c t l y  by a well-known r e l a t i o n s h i p  t o  t h e  s i n g l e -  
even t  r e s u l t s .  Consequently,  d e s i r e d  NEF con tour s  can r e a d i l y  b e  genera ted  
by t h e  p r e s e n t  a n a l y s i s .  
A m e s  Research Center  
N a t i o n a l  Aeronaut ics  and Space Admin i s t r a t ion  
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9 CONTOUR AREA PROGRAM 
1 r%AD PROGRAM CARD I 
I 
TAKE0 F FS 
2 )  R, 
3 } INPUTS FOR SEGMENT 1 S, 
4 )  AC 
THE PROGRAM WILL STGP FOR INPUT 
ON SUCCEEDING SEGMENTS 
5 )  Y, Jdeg 
6 I INPUTS FOR SEGMENT n, n > 1 
7 (  J/ ” ldeg 
R, 
8 )  ‘n 
PROGRAM RETURNS TO STEP 5 FOR 
(INPUT ON NEXT SEGMENT I 
I 
I I 
I LANDINGS 
lNSTRUCTlONS 
I I ~~ 
- 
I AREAS ARE SQUARED UNITS OF DISTANCE USED 
2 \ I  I R1 
3 I IINPUTS FOR EGMENT 1 I S l  
4 a l  AB 
4b LM 
AFTER FINISHING SEGMENT 1, THE PROGRAM 
GOES AUTOMA TICALLY TO STEP 5 ABOVE 
I I -1 
*A, IS DISPLAYED AT END OF EACH SEGMENT 
I+*PRINTED ON LAST SEGMENT I 
I I 
I 1 
ICONVERSION FACTORS 1 
mi2 = 3 587 10-8 x ft2 
km2 = x m2 ‘  
I I 1* UNITS OF DISTANCE ARE ARBITRARY. 
nn 
uu 
on 
00 
00 on 
Figure  1.- User i n s t r u c t i o n s  f o r  contour-area  program. 
2 1  
CONTOUR PLOTTING PROGRAM 
I I 
TAKEOFFS 
\ 
2\ 
3 X 
4 J REPEAT 3 FOR AS MAN? VALUES 
' INPUTx 
OF x AS DESIRED  
1 I 
I LAND1 NGS 
2 I START PROGRAM 1 
3 }I INPUT x X 
4 I I REPEAT 3 FOR AS MANY VALUES I 1 
OF x AS DESIRED 
* UNITS OF DISTANCE ARE ARBITRARY. I uu on AREAS ARE SQUARED UNITS OF DISTANCE USED 
-- 
OD 
Figure 2 .- U s G r  instructions f o r  contour-plotting program. 
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LOAD AREA 
INPUT DATA 
FOR FLIGHT PATH 
COMPUTE AREA 
AND INTERMEDIATE 
QUANTITIES 
NEEDED FOR 
PLOTTING PROGRAM 
PLOT? -9 . 
LOAD PLOTTING 
PROGRAM 
4 4 
4 
LOAD x VALUES 
AND COMPUTE 
CORRESPONDING 
y VALUES 
STOP 
(a) Number of segments L 4 .  
LOAD AREA 
- 
INPUT DATA 
FOR FLIGHT PATH 
i 
COMPUTE AREA 
AND INTERMEDIATE 
QUANTITIES 
NEEDED FOR 
PLOTTING PROGRAM 
1 
WRITE AREA AND 
INTERMEDIATE 
QUANTITIES ON 
MAGNETIC CARD 
1 
PLOT? 1 
I LOAD AREA AND INTERMEDIATE QUANTITIES 
AND COMPUTE 
(b) Delayed plotting, any number of 
segments. 
Figure 3.- Two options f o r  combined use of contour-area and plotting programs. 
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INPUT FOR 
SEGMENT 1 
CLEAR PRIMARY 
AND SECONDARY 
R EG I STE RS 
J 
L 
COMPUTE F 
A = A + F  I 
A=O AXl=s, +AC k-J Q 
I 2 AI = 7 + 2R1 s, I AX2=AY1 = A Y 2 = 0  
SEG NO.= 2 
NPUT FOR SEGMENT n- 
n > l  
I = SEGMENT NO. 4 i(i = 2,3,4) 
SET BEGINNING 
LOCATION FOR 
STORING SEGMENT 
DATA + A 
n- I  
K=l  
n- I  
AX1 = Z s ~ C O S $ ~ + A C  
AYI  = 2 sKSin$K 
K=l  
n-I 
AX2 = E sKTanyK 
K=l  
L, = Rn/Sinyn 
xki = AX2/Tanyn 
Axn= AX1 - XkiCo~$, 
Ayn= AYI  - xkiSin$, cu INDICATES 
SUBROUTINE a 
Figure  4.- Flow c h a r t  of  contour-area program. 
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STEP KEY ENTRY KEY CODE 
I I SIN I 
X 
A,,,, = AY 1 - xkiSin$, 
n-1 
K=l 
AX2 = Z sKtanyK 
n-1 
K= 1 
AY1 = Z sKSin$K 
COMMENTS STEP KEY ENTRY KEY CODE COMMENTS 
AX1 = Z  cos$^ +AC STOi Axn = AX1 - x ~ ~ C O S $ ,  
K=l RCLA 
Seg. No. 
Area of seg. 1 
AX1 
Upper limit 
Lr 
;q = 
nf X'ni +sn 
'ni 
J/n 
x'nf <Ln 
Rn Yes .'.Contour not atend 
Ln 
xki = AXZItany, 
1 Avn + Ln Sin$, 
Takeoff or landing? 
Figure  5.- Code f o r  contour-area  program. 
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STEP K E Y E M R Y  KEYCOOE COMMENTS ____ 
J/n 
xmax = Ax,, + LnCos4, 
Takeoff or landing? 
T R ~  Siny, 
Setup for computing A, 
Evaluate F for 
upper limit 
Increase Seg. No. 
Evaluate F for xIni 
Display Area 
Landing Program 
STEP KEYENTRY KEYCOOE 
I 
COMMENTS 
LRW 
LRw-AB 
Set index for Seg 2 
Set index for Seg 3 
Set index for Seg 4 
Set index for 
storing xmax 
for segment 
Clear Primary 
and Secondary. 
Registers 
TRIG 
DEG 0 
GRAD 0 
RAD 3 
DtSP 
FIX a 
SCI 0 
ENG 0 
n- 
Figure  5.- Concluded. 
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TAKEOFF LANDING 
c 
Q 
INPUT x  
& SET FLAG 0 
& INPUT x 
Y1 = - y 1  
Yq = -Yq 
Figure 6.- Flow chart of contour-plotting program. 
2 7  
STEP KEY ENTRY KEY CODE COMMENTS 
. 
STEP KEY ENTRY KEY CODE 
I 
5 = 2bx" 
Figure 7.- Code for contour-plotting program. 
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__ - COMMENTS 
d = -Sin2J/,Cos27,,+1 
A = d  
CIA 
D = [B2/4A2 -CIA]  
v;' = C/y, A 
v;' = -B/2A + D 
r ,  = V i ' +  A,,,, 
r2 = Y;'+ A,,,, 
anding 
:akeoff 
rhis routine 
:hecks to see in 
vhich segment x 
ies. It checks 
egments 2,3 & 4 
f it is not contained 
n either, the 
irogram stops 
egment 2 
egment 3 
egment 4 
rhis routine computes 
rakeoff or landing? 
r =  y "+ A,,, 
T I"" 
STEP K C I E U l R Y  KEY CODE COMMENTS + 
I
I 
I 
I -  * 
210 -$-I -
~- t -- 
' I -  I ! SET STATUS 
Figure 7.- Concluded. 
29 
: 120 
h 
I 1  
W 
5. m 1 8 = 30" 
7. deg 
T. % 
8 .  deg 
CASE II 
(TURNING TAKEOFF) t 
A. C 
$ 110 
2 100 
- 
0 z 
> - 
W 
1828.8 6096 18,288 
0 7.5 7.5 
0 0 30 
100 100 100 
2 90 
w 
Q 
W 
2 80 I- o 
w 
U 
1C 
70 
100 
u 
10,000 
SLANT RANGE, m 
Figure 8.- Noise characteristics for example 
D 
AC = 0 
HORIZONTAL PLAN E 
conventional jet transport. 
SEGMENT 
e. deg 
100 100 T, % 
R.m 3242.77 3242.77 
SEGMENT 
1 J ~ _ _  2 - 1 3  
AC = 0 \ 1 R, m 1 3242.771 3242.771 3242.7; 
VERTICAL PLANE 
CASE Ill 
WITH CUTBACK 
("2 SEGMENT TAKEOFF") ~ , 
f 
A. C 
AC=O 
SEGMENT 
e, deg 
T, 96 100 100 70 
R, m 3242.77 3242.77 1,645.92 
Figure 9.- Takeoff examples. 
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VERTICAL PLANE 
CASE IV 
("2 SEGMENT LANDING") 
A B  D 
AB = 304.8111 
L, = 2133.6 m 
I 
VERTICAL PLANE 
CASE V 
("1 SEGMENT LANDING") 
A B  
AB = 304.8111 
L, = 2133.6 m 
1 
HORIZONTAL PLANE K- 2 r u  1 +  CASE VI (TURNING LANDING) 
A B  e = 30" 
AB = 304.8m 
LRw= 2133.6 m 
Stt iMtN I 
45 45 
837.83 837.83 
SEGMENT 
1 
2 
25,908 
3 
0 
45 
837.83 
SEGMENT 
3 
19,812 
7.5 
0 
45 
837.83 
1828.8 
0 
0 
100 
3242.8 
2 
6096.0 
7.5 
0 
100 
3242.8 
3 
18,288 
7.5 
30 
100 
3242.8 
Figure 10.- Landing examples. 
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ft 
0 
-5 
-10 
30 
20 km 
10 
0 
-10 
-5 :I -20 
' 
- 
-AI .. II L L - - U  80 
 OX 103 ft -10 0 10 20 30 40 50 60 70 
Figure 11.- Takeoff contour  for Case I. 
ft 
T 20 x 103 5 r  km I 
L 
I - 
- 
-20 - _ _  
-30 - _ _  
 
-40 I I I I 1 - 1  - _ I -  I I 
-20 -10 0 10 20 30 40 50 60 70 80x103 ft 
L I I I I I -1 
-5 0 5 10 15 20 25 km 
F i g u r e  12 . -  Takeoff contour for Case 11. 
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ft 
-20 -10 0 10 20 30 40 50 60 70 80 x lo3 ft 
I I I 1 1 I I 
-5 0 5 10 15 20 25 km 
Figure  13.- Takeoff contour  f o r  Case 111. 
ft 
10 
0 
-10 
-20 
-60 -50 -40 -30 -20 -10 0 i o x  io3 ft 
-5 
I I I 
-20 -15 -10 -5 0 5 km 
Figure  14 . -  Landing contour  f o r  Cases I V  and V .  
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ft 
40 
km 
10 
5 
0 
-5 
- 
30 
20 
- 
10 
- 0  
-10 
- 
-20 
-80 
I 1 1 I 1 1 I .  I 
-70 -60 -50 -40 -30 -20 -10 0 
I I 1 I __ -1-  I 
-25 -20 -15 -10 -5 0 
I . I  
IO 2oX1o3 ft 
I 
5 km 
Figure  15.- Landing con tour  f o r  Case V I .  
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I 
1 O O O r  1 O O r  R 
15 
N 
E 
Y 
F i g u r e  16.-  E f f e c t  o f  f l i g h t - p a t h  a n g l e  on minimum n o i s e  f o o t p r i n t  area f o r  
example j e t  STOL a i r c r a f t .  
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